ABSTRACT. Every three-fold divisorial contraction to a non-Gorenstein point is a weighted blow-up.
By a three-fold divisorial contraction to a point, we mean a projective morphism f : (Y ⊃ E) → (X ∋ P) between terminal three-folds such that −K Y is f -ample and the exceptional locus E is a prime divisor contracting to a point P. We shall treat f on the germ at P in the complex analytic category. According to [7, Theorems 1.2, 1.3] , the only case left is type e1 with P = cD/2, the discrepancy a/n = 4/2 in [7, Table 3 ]. We shall prove the following theorem.
Theorem 2.
Suppose that f is a divisorial contraction of type e1 to a cD/2 point with discrepancy 2. Then f is the weighted blow-up with wt(x 1 , x 2 , x 3 , x 4 , x 5 ) = ( r+1 2 , r−1 2 , 2, 1, r) with r ≥ 7, r ≡ ±1 mod 8 for a suitable identification P ∈ X ≃ o ∈ x 2 1 + x 4 x 5 + p(x 2 , x 3 , x 4 ) = 0 x 2 2 + q(x 1 , x 3 , x 4 ) + x 5 = 0
such that p is of weighted order > r and q is weighted homogeneous of weight r − 1 for the weights distributed above.
The proof is along the argument in [7, Section 7] . Henceforth f : (Y ⊃ E) → (X ∋ P) is a divisorial contraction of type e1 to a cD/2 point with discrepancy 2. By [7, Table 3 ], Y has only one singular point Q say at which E is not Cartier. Q is a quotient singularity of type 1 2r (1, −1, r + 4) with r ≥ 7, r ≡ ±1 mod 8. We set vector spaces
They are zero for negative i, and we have the (bi-)graded ring V i by a local isomorphism O X (2K X ) ≃ O X . To study its structure in lower-degree part, we first compute the dimensions of V j i in terms of the finite sets
Proof. We follow the notation in [7] . (r Q , b Q , v Q ) = (2r, r + 4, 2) and E 3 = 1/r by [7, Tables 2, 3] . By dimV
On the other hand, by
The lemma follows by verifying the coincidence of their right-hand sides. q.e.d.
We shall find bases of V i starting with an arbitrary identification
For a semi-invariant function h, ord E h denotes the order of h along E.
Lemma 4.
(i) ord E x 4 = 1 and ord E x i ≥ 2 for i = 1, 2, 3. There exists some k with ord E x k = 2. We set x k = x 3 by permutation. 4 4 with some c kl 3 l 4 ∈ C, with summation over 4 4 with some c l 2 l 3 l 4 ∈ C, with summation over 4 4 , which should form a basis of V 0 4 by dimV 0 4 = 2. Now (ii) to (v) follow from the same argument as in [7, Lemma 7.2] . We obtain the sequence in (vi) also, which is exact possibly except for the middle. Its exactness is verified by comparing dimensions.
q.e.d.
Corollary 5.
We distribute weights wt(
with c ∈ C and a function φ >r of weighted order > r, where ψ is as in Lemma 4(v).
Proof. Decompose φ = φ ≤r + φ >r into the part φ ≤r of weighted order ≤ r and φ >r of weighted order > r. Then ord E φ ≤r = ord E φ >r > r, so φ ≤r is mapped to zero by the natural homomorphism
whose kernel is Cx 4 ψ by Lemma 4(iv)-(vi). q.e.d.
We shall derive an expression of the germ P ∈ X in Theorem 2. By [9, Remark 23.1], the cD/2 point P ∈ X has an identification in (1) with φ either of
with α, β ≥ 2, γ ≥ 3, λ ∈ C and g ∈ (x 4 3 , x 2 3 x 2 4 , x 3 4 ). As its general elephant has type D k with k ≥ 2r by [ (x 1 , x 3 , x 4 ) plays the role of (x 2 , x 3 , x 4 ) in Lemma 4(iii). We constructx 2 as in Lemma 4(iii) to obtain a quartuple (x 2 ,x 1 , x 3 , x 4 ), and distribute wt(x 2 ,x 1 , x 3 , x 4 ) = ( 
φ has the termx 2 1 of weight r − 1, which contradicts Corollary 5. Hencex 1 ∈ Wr−1 2 , and we obtain a quartuple (x 1 ,x 2 , x 3 , x 4 ) byx 1 = x 1 + p 1 (x 3 , x 4 ),
2 , 2, 1) and rewrite φ as 
3 , x 4 ). φ has the termx 2 2 x 4 of weight r and should be of form
as in Corollary 5 with ψ =x 2 2 + h(x 1 ,x 2 , x 3 , x 4 ). In particular p 2 = 0 as otherwise p 2x2 x 4 would be of weighted order < r, and one can write
where p is of weighted order > r and q is weighted homogeneous of weight r − 1. A desired expression is derived by setting x 5 := −ψ and replacing x 4 with −x 4 . q is not of form (x 3 s(x 2 3 , x 4 )) 2 by Lemma 4(iii) and ord E (x 2 2 + q) = r. q.e.d.
Take an expression of the germ P ∈ X in Theorem 2 by Lemma 7. We shall apply the extension of [7, Lemma 6 .1] to the case when X is embedded into a cyclic quotient of C 5 . Let g : Z → X be the weighted blow-up with wt x i = ord E x i . By direct calculation, we verify the assumptions of [7, Lemma 6 .1] and that Z is smooth outside the strict transform of x 1 x 2 x 3 x 4 x 5 = 0. Therefore f should coincide with g by [7, Lemma 6 .1], and Theorem 2 is completed. Theorem 1 follows from [1] , [2] , [3] , [7] , [8] and Theorem 2. 
